For two-qubit, all pure entangled states can be made useful for sub-shot-noise interferometry [1] . However, with non-optimal two-qubit states, the value of quantum Fisher information provides just a sufficient condition in the task of detecting the degree of entanglement of a generic state. We show that for a large class of one-parameter non-optimal two-qubit states, the maximally entangled states are associated with stationary points of the quantum Fisher information, as a function of such parameter. Furthermore, we suggest a scheme for an interferometer able to detect the entanglement in a large class of two-spin states.
For two-qubit, all pure entangled states can be made useful for sub-shot-noise interferometry [1] . However, with non-optimal two-qubit states, the value of quantum Fisher information provides just a sufficient condition in the task of detecting the degree of entanglement of a generic state. We show that for a large class of one-parameter non-optimal two-qubit states, the maximally entangled states are associated with stationary points of the quantum Fisher information, as a function of such parameter. Furthermore, we suggest a scheme for an interferometer able to detect the entanglement in a large class of two-spin states.
I. INTRODUCTION
Entanglement is considered an essential resource to realize advanced quantum-based technologies. It plays a fundamental role in quantum cryptography, quantum computation, teleportation, and in metrology based on the quantum phase estimation [2] . Despite its key role entanglement is yet elusive and the problem of its characterization and quantification is still open [3, 4] . In the present article, we consider states depending from one parameter and we show that the maximally-entangled states are associated with stationary points of the quantum Fisher information (QFI) as a function of such parameter. Only in the case of optimal-states, the stationary points are indeed maxima for the quantum Fisher.
In the present work, we investigate how to detect entanglement by means of the QFI even in the case of nonoptimized states. A system of two qubits, initially in a separable state, are entangled by means of the action of a non-local unitary operator U 0 (φ) that depends on a continuous parameter φ. The entanglement degree of this state depends on the value of such a parameter. Starting from this entangled state, we generate a class of try states, by means of the action of unitary local operators. Such operations do not affect the entanglement of these states [5] . Then, we compute the QFI associated with a local operator H 1 for these states. We found that the maximally entangled states are associated with stationary points of the quantum Fisher information, as a function of φ. In particular, the maximally entangled states do not always correspond to maxima of the QFI, in fact, we report an explicit example where they are associated with a local minimum of the QFI. Furthermore, we investigate in detail the symmetry properties under spin exchange of the entangled states. We relate the behaviour of the QFI and the Husimi function to the breaking of such symmetry that is induced by U 0 (φ). Finally, we suggest a scheme for an interferometer able to detect the entanglement in * ss2577@cam.ac.uk † roberto.franzosi@ino.it a large class of two-spin states. The paper is structured as follows. In Sec. II we derive the entangled-states and summarize their basic properties. In Sec. III we define the try states and calculate either the QFI and the Husimi-function for these states. In Sec. IV we discuss the link between the behaviour of the QFI and the degree entanglement of these states. Finally, in Sec. V we conclude with some remarks.
II. ENTANGLED STATES
The entanglement-generating operator we use is inspired to the one introduced in Ref. [6] . We denote by σ 
where
Initially, the system is prepared in the state
that is tensor product of σ j x 's eigenstates. The action of the non-local unitary operator U 0 on the initial (separable) state |r, 0 gives the state vector
(4) For φ = 2kπ with k ∈ Z, this state is separable, whereas, for all the other choices of the value φ, it is entangled. In particular, as shown in [6] , the values φ = (2k + 1)π, (k ∈ Z), give the maximally entangled state
The latter state may be written, up to a suitable local unitary transformation on one spin, in the following standard form [6] as a Bell state
It is worth emphasizing that the local unitary transformation considered just above does not preserve the symmetry under exchange of the two qubits. Indeed, the final state |Φ + is invariant under the qubits exchange, whereas the state |r, (2k+1)π is not symmetric under the same exchange. From a different point of view, the vector |Φ + belongs to the spin-1 irreducible representation of SU (2), whereas |r, (2k + 1)π has a component either in the spin-1 and in the spin-0 representation. Hence, a local unitary transformation has matrix elements between basis elements of different irreducible representations, even if it leaves unaltered the degree of entanglement of the states.
By varying φ, the degree of entanglement of the state |r, φ varies accordingly. In the present manuscript, we are interested in establishing a simple way to detect the maximally entangled states. We focus on the case of two qubits, albeit many of our results can be extended to the case of many qubits [7] . In Ref. [6] it is also argued that the class of entangled states, generated in an array of M -qubit with the unitary transformation
, is different from both the Greenberger-Horne-Zeilinger (GHZ) [8] class and the W class of M -qubits states introduced in Ref. [9] . In particular, in [6] it is argued that the states that are derived in Ref. [6] are much more entangled than the GHZ states since they have a higher degree of connectedness and persistency of entanglement. Where the notions of maximal connectedness and persistency of entanglement of an entangled state have been introduced in the same paper. The first notion has to do with the possibility that in an M -qubit state, it may possible to project any subset of qubits into a highly entangled state by performing local measurements on the other qubits. The second notion relates the amount of entanglement of a M -qubit state, to the operational effort necessary to destroy, by means of local operations, all the entanglement of the state. In this perspective, it appears evident the importance to be able to compare the degree of entanglement of two given states and, especially, to find the maximally entangled states even with non-optimized operators. In fact, the most likely condition, in a generic real situation, is that to have non-optimized operators and states.
The expectation values and the uncertainties for the components of the total angular momentum operator J = (σ 1 + σ 2 )/2 on the state (4) result
Hence, for φ = πk (k ∈ Z) the state (4) is squeezed, namely the variance of one spin component of J is smaller than the shot noise limit 1/2. It is in addition worth noting that the states corresponding to φ = 0 and φ = π strongly differ from one another. In fact, they are both non-squeezed, but the first is a separable eigenstate of the operators J x and J 2 , whereas the second is a nonseparable eigenstate only of J y .
III. QUANTUM FISHER INFORMATION AND HUSIMI FUNCTION
A rather natural choice for the local operator to evaluate the quantum Fisher information is
A direct calculation of the QFI on the state (4) gives
Since in the last expression the parameter φ is missing, in this case, the QFI does not distinguish between entangled and non-entangled states. In fact, for a pure two-qubit state the condition F q > 2 is sufficient for particle entanglement, whereas the limit for a separable state is F q ≤ 2 [10] . In order to investigate the possibility to exploit QFI in the task of witnessing the entanglement, also in the case of non-optimal states, it is necessary to consider a more general class of try states. Such class is derived by applying local unitary transformations on the state (4). The entanglement properties of the original state are unaltered. In particular, the try state |s(φ, ϕ 1 , ϕ 2 ) is achieved by applying two separated rotations around the y axis to the spins 1 and 2. The first spin is rotated by an angle ϕ 1 and the second of ϕ 2 , thus it reads
In the following, we will refer to this state simply as |s for brevity. The quantum Fisher information for this state results
(10) In this case, the QFI depends on the parameter that drives entanglement of the state |s . We note that (10) is invariant under the transformations (ϕ 1 , ϕ 2 ) → (−ϕ 2 , −ϕ 1 ) and φ → −φ. In Fig. 1 we plot F q (|s , H 1 one deduces that the detection of the maximally entangled state (which corresponds to φ = π) via stationary points of the QFI is optimized, for instance, with the values ϕ 1 = −π/2 and ϕ 2 = 0. However, in the case with ϕ 1 = π/2 and ϕ 2 = 0, the maximally entangled state is associated with a null quantum Fisher information. Although for two-qubit all pure entangled states can be made useful for sub-shot-noise interferometry [1] , with non-optimal two-qubit states the value of QFI provides a sufficient condition in the task of detecting the degree of entanglement of a generic state. A further state representation, useful for what we are going to discuss in the following, is given by the Husimi function. For a given state |s(φ, ϕ 1 , ϕ 2 ) , this is achieved by plotting onto the Bloch sphere the Husimi function [11] 
where the coherent spin state
is given in terms of the Dicke states
These are states completely symmetric under particle exchanges, which are derived considering all the possible particle permutations P. In the present case the number of particles considered is M = 2. 
IV. RESULTS
In this section we compare the analysis of the entanglement properties of the state |s , achieved through the Husimi function and the Fisher information, in two distinctive cases: the first corresponds to the choice ϕ 1 = −π/2, ϕ 2 = 0, and the second to the choice ϕ 1 = π/2, ϕ 2 = 0. In both the cases we have analysed the Husimi function and the Fisher information as functions of the parameter φ. Fig. 1 shows that in the case of the first choice (ϕ 1 = −π/2, ϕ 2 = 0) for |s , the QFI has a peak in correspondence of the state with the maximum entanglement (φ = π). Even the Husimi function detects the state with the maximum entanglement, in fact Fig. 2 shows an increasing squeezing culminating in φ = π. In the case of the second choice (ϕ 1 = π/2, ϕ 2 = 0), while the QFI has a minimum in correspondence of φ = π (see Fig. 1 ), the Husimi function experiences a complete loss of information. This is shown in Fig. 2 where such loss is evident and where no localization on the Bloch sphere is observed. In both these examples, the state with the maximum degree of entanglement (φ = π) is located at the zeros of the dF q /dφ, thus at the stationary points. On the contrary, while with the first choice of rotations, the Husimi function is able to detect the maximally en- tangled state via its squeezing, in the second example, it is not able to determine such state. The unreliability shown by the Husimi function in the task of detecting the former states is well explained if one takes into account the symmetry under spin exchange of the two try states. In this perspective, we split up the state |s as a sum of its components: the symmetric |+ = (|s + P|s )/2 and the antisymmetric |− = (|s − P|s )/2. The Husimi function selects only the symmetric component of the state. Moreover, in the case of the second couple of rotations, ϕ 1 = π/2, ϕ 2 = 0, the norm of |+ goes to zero for φ → π and this explains the behaviour of the Husimi function highlighted above. A similar mechanism does not occur with the QFI. The phenomenon discussed above is described in Fig. 3 where we plot the norm-square of the anti-symmetric component of the try vectors versus φ both in the case of the two considered choice ϕ 1 = −π/2, ϕ 2 = 0 and ϕ 1 = π/2, ϕ 2 = 0. In the latter case, the norm-square of the anti-symmetric component |− goes to 1 at φ = π. Remarkably, the QFI is a faithful witness of entanglement for the whole class of states defined in Eq. (9) . In fact, from Eq. (10) one obtains for the derivatives of the QFI with respect to φ
and this expression shows that the vanishing of dF q /dφ in correspondence of the maximally entangled state (φ = π) is a necessary condition.
Remarkably, the entanglement of these states is strongly linked to the symmetry breaking under spin exchange, that is induced by the unitary operator U 0 . This fact can be illustrated by the conceptual model of an interferometer able to detect the maximally entangled state, that we describe in the following. Such interferometer is obtained by the interference of two states. The first is derived from the initial state (4) after the action of the following operator
where R 
where R 2 y (π/2) = e −iσ 2 y π/4 rotates by π/2 the second spin around the y-axis. Thus, the interference between the two states
is completely destructive in the case of the maximally entangled state. The link between the entanglement of these states and the symmetry breaking induced by U 0 (φ) is highlighted by recalling the definition of state (4), |r, φ = U 0 (φ)|r, 0 and noting that the state (3) is fully symmetric under spin exchange, that is P|r, 0 = |r, 0 . By using these relations in Eq. (17) one easily gets
The latter relation emphasizes that the operator U 0 (φ) in addition to generating the entanglement it is responsible for the P-symmetry breaking.
The class of states of Eq. (9) can be further enlarged by adding a rotation around the x-axis for each spin, in the following way latter at φ = π. For brevity, we report just the latter result, dF q dφ φ=π = cos θ 1 sin θ 2 (sin ϕ 1 − cos ϕ 1 )+ − sin θ 1 cos θ 2 (sin ϕ 2 + cos ϕ 2 ) . 
Among all the infinite solutions, we have identified four couples of magic numbers, (θ 1 = 0, θ 2 = 0) , ϕ 1 = π 4 , ϕ 2 = 3 4 π ,
In fact, by choosing one of these couples Eq. (21) is satisfied independently from the value assigned to the remaining angles. In addition to these special solutions of the Eq. (21), additional infinite solutions exist. Just as an example, we have plotted in Fig. 4 some solutions (ϕ 1 , ϕ 2 ) corresponding to the choices θ 2 = 0, π/3, π/2, 3π/4 and maintaining the fixed value θ 1 = π/3. In the figure is evident the presence of the quadruple point corresponding to the second of the special solutions just discussed.
V. CONCLUSIONS
In summary, we have shown that for a large class of one-parameter two-qubit states, the maximally entangled states are associated with stationary points of the QFI, as a function of such parameter. Only in the case of optimalstates, these stationary points are maxima for the quantum Fisher. We have investigated the link between the breaking of the symmetry under the spin exchange and the entanglement induced by the unitary transformation U 0 (φ). Finally, we have proposed a scheme for an interferometer that, exploiting such link, it is useful to detect the entanglement in a large class of two-spin states.
